Math 304 ¥ Linear Algebra

Midterm 2
Question: 1 2 3 4 D 6| | Total
Points: 15 10 10 10 10 10 65
Score:

No books, no notes, no calculators.
Please show all your work, ezcept for problem #1.

Simplify all answers. And please, read the problems carefully. Good luck!

Misc:

e R denotes the field of real numbers.

e R" denotes the n-dimensional vector space.
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1. This is the only problem where you don’t need to show work.

(a) (3 points) Suppose A is a 5-by-7 matrix, and has 4 pivot columns. What is the nullity
(dimension of the null space) of A?
OO0
O1

O O O O < 0O
N o oo W N

O It’s impossible to tell unless one knows the specific form of A.

(b) (12 points) Suppose V' is a 4-dimensional vector space. Which of the following sets in
V:

e may or may not be a basis;

e cannot be a basis;
e must be a basis; or
e are cannot exist?
You don’t know anything about the sets except the information in this question.

Write the correct underlined words in the space provided.

i. X, consisting of 3 vectors. cannot
ii. Y, consisting of 4 vectors. may or may not
iii. Z, consisting of 5 vectors. may or may not
iv. T, consisting of 3 linearly independent vectors. cannot
v. U, consisting of 4 linearly independent vectors. must
vi. W, consisting of 5 linearly independent vectors. cannot exist

Page 2



{(x1,22)]0 <21 <1,0 <29 < 1} be the unit square in the (z1,2z3)-plane

2. (10 points) Let U

(square with corners at (0,0), (0,1), (1,1) and (1,0)). What is the image of U under the

linear transformation given by the matrix A?

\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\
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| | | | | | | | | | | | | | | |
| | | | | | | | | | | | | | | |
[ T F s S [ A B B [ E e N [ (N B S|
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=
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3. (10 points) Suppose X = {¢1, ¢y, €3}, where

e}
—_

2
01:3,02:4,03:5,
6 8
and let A =[c; ¢ ¢3]:
0
A=[3 4 5].
6

(a) Find an ordered basis for the column space of A.

Solution:

1

1

2
OO = OWo O wo

SO = O OO =
L
L

r
A

Thus, ¢; and ¢, are the pivot columns, and a basis for the column space is

of |1
(Cl,Cg) = 3 s 4 .
61 |7
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(b) Find an ordered basis for the null space of A.

Solution:
Null A = {x | Az = 0}
={xz|Rx =0}
o
= ) 1'1—1'3:0, $2+2l’3=0
_x3
[ xT3 1
=3|-2z3||x3e R}y =spani|-2|+,
| xTs3 1
SO
1
-2
1

is a basis for the null space.
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(c)

Find an ordered basis for the span(X).

Solution: Since span(X) is the column space of A, from [d] a basis for the column

space is

0f |1
(Cl,Cg) = 3 s 4
61 |7

Find v € R3?, such that span(X u{v}) = R3.

Solution: Since the span does not change if we: (i) multiply a vector by a non-zero
constant; (ii) add a multiple of one vector to another; and (iii) switch the order of

vectors, we can perform elementary row operations on

;
01 0 36
S Il FE R
6 7

to get a simpler form of the span.

03 6f |01 2 (01 2| (10 -1
1 47 1 47 1 0 -1 01 2

thus
1 0
span(X) =span{c;,cy} =spani{| 0 |,|1
-1 |2

Clearly, the vector

1
v=10
1

is not in the span(X), and span(X u {v}) = R3.
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4. (10 points) Let vy = [-1,2]7, vo =[2,1]". You can assume that v; is perpendicular to vs,

and X = (vy,vy) is a basis in R2. Let T be a reflection about v;.
(a) Let z=[1,2]". Find [?] = Kx(z), the coordinate vector of z with respect to X.
2

-1 2

Solution: Let B = [v; vy] = l 5 1

]. Then Kx(z) = B 'z.

-1 210] [-1 210
[B”]_[Q 101]”_0 521]
-5 0 1 -2

0 5 2 1

10 -1/5 25 B
Tloo1 2/5 1/5]:[”3 J

e )

Hence

(b) Using the fact that T'(vy) = v1 and T'(vy) = —vy, show that the coordinate vector of
0

. C1 . _ 1
T(z) is [_02], ie, Kx(T(z)) = [O _1] c.
Solution: Since T is a linear map,

T(z) =T (v1) + T (v1) = 101 — 07,

SO

Kx(T(z)) = lféJ _ l(l) _01] c.
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(c) Find a matrix A that corresponds to the transformation 7', i.e., find a matrix A, such

that T'(z) = Az.

Solution: From [bl we have
1 0
Kx(T(2)) = [0 _1] c.

Since Kx(T(z)) = B'T(z), and ¢= B!z,
» 1 0], o[04,
B7T(z)) lo _1]B z < T(2) —B[O _1]B z,

in other words, T'(z) = Az, where

T R O T [ e R
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5. (10 points) Let X = {vy, vy}, where vy = €; + €3, and v, = €5 + €3.
(a) Show that X is linearly independent.
Solution:

10 1
A:[’Ulvg]: 1 1(~|0
01 0

o = O

so rank(A) =2 =|X]|, and X is linearly independent.

(b) Find a vector vz which is not in the span of X.

Solution: Since the span does not change if we: (i) multiply a vector by a non-zero
constant; (ii) add a multiple of one vector to another; and (iii) switch the order of

vectors, we can perform elementary row operations on AT to get a simpler form of the

[y o] Jro -1
A‘lo11 01 1]

In other words, span(X) = {[z,y, 2] |z,y e R,z =y —z}. Clearly, v3 =[0,0,1]T = e3 is

span:

not in the span of X.

(c) Let Y = {vy,v9,v3}. Is Y a basis for R3?

Solution: Yes, it is, by independence extension lemma and since |Y| =3 = dimR3.
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6. (10 points) An ordered basis for R? is B = (by, by, b3), where

1 0
5 b2:0, b3: 1.
1 1

b1:

O~ -

(a) For the vector a = [4,2,3]", find the coordinate vector of a with respect to B.

Solution: Let ¢ = [¢y, ¢, c3]" be the coordinate vector. Then
a = Clbl + CQbQ + Cgbg = [b1 b2 bg]C,

so ¢ =[b; by bz]'a:

|
— =

2

OO N OO~ OO -
|
—_

N OO NN = = =O
|
[N}

[b1 bg b3 | CL]

1
O~ =
—_ O
— = O
W N

2
r

[

r

1

o O

|
[\

e}

We conclude that K(a) =c=[3/2,5/2,1/2]".
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(b) The coordinate vector with respect to B of @, a vector in R3, is K(x) = [1,-1,4].

What vector is 27

Solution:

x=(1)b;+(-1)by + (4) bs
= [bl bg b3]K(iL’)

1 1 Off1 0
=11 0 1f|-1|=|5].
01 1]14 3

(c) The coordinate vector with respect to B of y, a vector in R3, is K(y) = [-2,2,4]".

Find the coordinate vector of y with respect to the standard basis (e, es, e3).

Solution:
1 1 0}]-2 0
Yy = (—2) b1+(2) b2+(4) b3= [bl b2 bg]K(’y) =11 0 1 21=12]1.
01 11|14 6

Coordinates of any vector in the standard basis coincide with the components of that

vector, since
&1
Co| =cC1eq1 + ey + C3e3.
C3

We conclude that the coordinate vector of y with respect to the standard basis

(81, €, 63) is [0, 2, 6]T
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